
17

JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER

Vol. 12, No. 1, January– March 1998
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This paper presents a theory and its validation by experiment for the radiative properties of high-
porosity silica aerogels that contain randomly oriented and uniformly dispersed � bers. The formulations
for the � ber radiative properties are based on fundamental principles, for which parameters de� ning the
material composition are the only required inputs. The predicted spectral transmittance and re� ectance
for collimated irradiation from the solution of the radiative transfer equation are compared with the
measured values. The validity of the theoretical model is established by the good agreement between the
predictions and experimental data for various specimens that contain different � ber types, � ber and
aerogel solid volume fractions, and specimen thicknesses.

Nomenclature
d2F = � ber orientation distribution function
fv = � ber volume fraction
Il = spectral intensity
i(h, f) = isolated � ber scattering intensity distribution
Kl = spectral extinction coef� cient
L = specimen thickness
N = number of � ber sizes
pl = spectral phase function
Q = single � ber ef� ciency
Rh = hemispherical re� ectance
r = � ber radius
Tn = normal transmittance
xi = fractional volume of � bers of radius ri

h = scattering angle
m = direction cosine of angle j
j = polar angle of incidence direction
s s = scattering coef� cient
f = incidence angle
v = azimuthal angle of incidence direction

Subscripts
e = extinction
f = � ber
m = � ber and aerogel mixture
s = scattering
l = wavelength
0 = aerogel matrix

Introduction

F IBROUS materials are widely used for thermal insulation
at ambient and high temperatures in many commercial and

aerospace applications. Fibrous thermal insulations generally
consist of either self-supporting bonded � bers, loosely packed
� bers, or unbonded � bers dispersed in a matrix medium. The
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� rst type is typical of the Space Shuttle thermal protection tile
materials, the second type is usually found in building insu-
lations, and the last type corresponds to structural composites
that contain a relatively high density of � bers. The high-den-
sity � brous composites are generally not suitable for applica-
tions in which weight is a critical issue. A novel lightweight
� brous insulation is the � ber-loaded aerogel that can be ap-
plied at moderate to high temperatures.

Aerogel is an open-cell, partially infrared transparent super-
insulator � rst developed over 60 years ago by Kistler.1 It has
unique properties resulting from the chemical preparation
method that produces an extremely low-density solid having a
skeletal structure with pores of the order of 10 nm in diameter.
The low density and very small pores combine to give the
aerogel low thermal conductivity at or near atmospheric pres-
sure. The � ne microstructure impedes gas conduction because
at modest vacuum pressures, the collision rate of gas molecules
is dominated by the collision rate with the lattice-like structure
of the aerogel, thus resulting in the Knudsen number being
unity or larger. Solid thermal conductivities as low as 0.02 W/
m-K and 0.007 W/m-K have been reported for air-� lled and
partially evacuated (0.1 atm) silica aerogel, respectively.2 At
ambient and higher temperatures, radiative absorption/emis-
sion become the dominant heat transfer mechanism. Aerogel
is a poor thermal insulation because it is highly transparent in
the 3 – 8 mm wavelength region. Models for heat transfer
through monolithic aerogel generally treat the conduction and
radiation as additive contributions by de� ning an effective ra-
diative conductivity.3– 5 To improve its thermal insulation ca-
pacity, approaches such as doping aerogel with carbon have
been applied to minimize infrared radiation heat transfer.3 By
incorporating � bers into the aerogel matrix, the � bers suppress
radiation transport by eliminating the infrared transparent win-
dow of aerogel and also strengthen the otherwise extremely
brittle monolithic aerogel. An appropriate selection of � ber
type and concentration is critical to optimizing the thermal
insulation capacity of the material, especially at high temper-
atures. A fundamental understanding of the radiative properties
of � brous aerogel is therefore essential to improving the ther-
mal insulation effectiveness of this type of material.

The objective of the present study is to develop and validate
a rigorous theoretical model that does not require the use of
empirical parameters. This contrasts with the commonly ap-
plied inversion analyses that are usually applied in the absence
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of a rigorous theoretical model for the radiative properties. The
inversion approach involves the determination of the radiative
properties by curve � tting the experimental data. An obvious
de� ciency of inversion is that the empirically determined pa-
rameters usually do not have any correspondence with the
physical material parameters. Furthermore, inversion cannot be
used to tailor the material composition to achieve the desired
thermal performance. Nevertheless, it offers a means of deter-
mining properties for immediate use in heat transfer calcula-
tions for the material.

This paper presents a theoretical model and its experimental
validation for the radiative properties of � ber-loaded aerogels.
The theory consists of modeling the extinction and scattering
coef� cients and phase function of the � ber-loaded aerogels
from fundamental principles. Only deterministic physical char-
acteristics of the material are required as inputs for calculating
the radiative properties. The theoretical radiative properties are
then used in the radiative transfer equation to compute the
spectral transmission and re� ection. The experimental study
includes measurements of spectral transmission and re� ection
of various � brous aerogel specimens. The theoretical predic-
tions are compared with test data to determine the adequacy
of the theoretical model. The current theoretical model extends
beyond that presented in a previous article,6 which considered
self-supporting � brous media containing bonded � bers in air/
vacuum. In the present paper, we consider composites of un-
bonded � bers dispersed in a spectrally dependent absorbing
matrix. Validation of the present model would then provide the
general capability, in conjunction with the model presented in
Ref. 6, to treat high-porosity � brous materials with and without
an intervening matrix medium. In the following sections, the
theoretical model is � rst described, then followed by discus-
sions of the experiment and model validation.

Theory
The � brous aerogels under consideration have nominal bulk

densities between 100 – 160 kg/m3, which correspond to less
than 6% total solid volume fraction, and the � ber volume frac-
tion ranges from 0.01 to 0.02. Because of the high porosity,
the � bers can be assumed to scatter independently. The � bers
are several millimeters long and about 3 mm in diameter. They
are modeled as in� nite cylinders because their length is much
greater than both the diameter and the wavelength of thermal
radiation. Examination of the specimens indicate that the � bers
are randomly oriented in the aerogel matrix.

The theory of light scattering by an isolated in� nite cylinder
is well established in the literature. A summary of the formu-
lation for scattering by an in� nite cylinder at oblique incidence
is given in Kerker.7 In� nite cylinders behave as two-dimen-
sional scatterers for which the scattered radiation propagates
along the surface of a cone with an apex angle equal to
p 2 2f, where the angle of incidence f is measured from the
normal to the � ber axis. The extinction and scattering cross
sections of a � ber then vary with the angle of incidence. Con-
sequently, the radiative properties of a dispersed medium of
� bers also vary with the orientation of the � bers. The theoret-
ical models that account for � ber orientation have been pre-
sented by Lee.8– 10

To compute the radiative properties of high-porosity � brous
media, both orientation and size distribution of � bers are con-
sidered. Using Lee’s theoretical models,8– 10 the extinction and
scattering coef� cients accounting for these effects are sum-
marized as

v j rf 2 f 2 2

2(k , s ) = 2r(Q , Q )N(r) drd F(j, v) (1)l sl el slE E E
v j rf 1 f1 1

where Qel and Qsl are the theoretical spectral extinction and
scattering ef� ciencies, respectively. Expressions for these ef-
� ciencies are well summarized in many texts, such as in Ker-

ker.7 The difference between the extinction and scattering co-
ef� cients gives the absorption coef� cient. In Eq. (1) (j f1, jf2)
and (v f1, v f2) denote the range of the polar and azimuthal
orientations of the � bers for the orientation distribu-
tion function d2F. In general, these radiative coef� cients vary
with the incident direction, except for the special case of � bers
randomly oriented in space. Because the scattering cross sec-
tion of a � ber varies with the incidence angle, the product of
the scattering coef� cient and phase function (pl) must be con-
sidered as a group. For a given incident direction speci� ed by
(j, v), this product is given by

v j r2f f 2 2
4l

^s p (h)& =sl l E E E2p v j rf 1 f 1 1

i(h, f) 23 N(r) drd F(j, v)
2(1 2 cos h)(1 1 cos h 2 2 sin f)Ï

(2)

The scattering angle h is related to the incident (j, v) and
scattered (j9, v9) directions by

2 2 1/2cos h = mm9 1 [(1 2 m )(1 2 m9 )] cos(v 2 v9) (3)

where m = cos j. These equations for � brous media are applied
to model the � ber-loaded aerogels.

The � ber-loaded aerogels contain discrete size distributions
of � bers randomly oriented in the aerogel matrix. Because
aerogel is a purely absorbing material, the extinction coef� -
cient of � ber-loaded aerogels can be modeled as a sum of that
caused by � bers and aerogel:

K = K 1 K (4)ml l 0l

where K0l is the absorption coef� cient of the aerogel. The � ber
extinction and scattering coef� cients follow from Eq. (1) as

p /2N
2 f xv i(K , s ) = [Q (f), Q (f)]cos f df (5)l sl el slO Ep rii=1 0

The scattering coef� cient-phase function product is given by

p /2N
4 f l xv i

s p (h)& =sl l O E4 2p r ii=1 0

i(h, f)
3 cos f df (6)

2(1 2 cos h)(1 1 cos h 2 2 sin f)Ï

from which we obtain

2p

1
^s p (m, m9)& = ^s p (h)& dv (7)sl l sl lE2p 0

for azimuthally independent boundary conditions.
The experimental data used to validate the theoretical model

are spectral hemispherical re� ectance and spectral normal
transmittance of planar slabs of material illuminated with col-
limated irradiation at normal incidence. Given the theoretical
radiative properties based on Eqs. (4 – 7), these quantities are
predicted by solving the radiative transfer equation (RTE):

1

dI 1l
m 1 K I = ^s p (m, m9)&I (m9) dm (8)ml l sl l lEdy 2 2 1
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Table 1 Summary of the compositions of the silica aerogel
test specimens

Fiber
type

Fiber
wt%

Bulk
density,
gm/cm3

Solid
volume
fraction

Fiber
volume
fraction

Silica 20 0.104 0.04545 0.00909
25 0.124 0.05636 0.01409
30 0.125 0.05682 0.01705

Alumina 15 0.148 0.06276 0.00558
25 0.154 0.06217 0.00967
35 0.169 0.06479 0.01486

Fig. 1 SEM of silica � bers in silica aerogel.

for collimated incidence. Emission is neglected because the
material is at room temperature. The boundary condition for
incident intensity I0 is

I (y = 0) = I d(m 2 1) (9)l 0

where d is the delta function.
The RTE is solved by the method of discrete ordinates uti-

lizing a 40-point Gaussian quadrature. Details of this solution
method can be found in texts on radiation such as Brewster.11

Several cases were tested using a 48-point quadrature, and the
difference in results between the 40 and 48 points was insig-
ni� cant. Note that the high-order Gaussian quadrature is gen-
erally required in the calculation for real materials to accu-
rately account for the � ne angular structure of the scattering
phase function. The solution yields the angular distributions of
the transmitted and re� ected intensities, from which the hemi-
spherical re� ectance is calculated as

0

dm
R = p I (m, y = 0)m (10)hl lE I02 1

The normal transmittance is calculated by

dV
T = p I (m, y = L) (11)nl lE I0DV

where DV is the solid angle subtended by the detector.

Experiment
Apparatus

Spectral re� ectance and transmittance measurements for
near normal incidence were made at room temperature using
two re� ectometers. For the visible to near infrared wavelength
region (0.26 – 2.50 mm), a Gier – Dunkle model SP-250 spec-
trophotometer with an integrating sphere attachment was used.
From 1.5 to 6.5 mm, measurements were made by utilizing a
Gier – Dunkle model HC-300 heated cavity re� ectometer.

The model SP-250 re� ectometer consists of xenon arc and
tungsten strip � lament lamps for energy sources, monochro-
mator with fused silica prism, transfer optics for specimen il-
lumination, and a 20-cm-diam magnesium oxide-coated inte-
grating sphere for the collection of re� ected or transmitted
energy. The test specimen is a nominally 2.7-cm diam disk
that is positioned in the center of the sphere for re� ectance
measurements or over the 2.54-cm diam entrance port of the
sphere for transmittance measurements. The central region of
the sample is illuminated by a focused beam of monochromatic
energy having a convergence angle of approximately 3 deg,
and the size of the illuminated area on the sample is 0.3 by
0.6 cm. Measurement of spectral hemispherical re� ectance for
near-normal incidence is made with the sample rotated for an
incidence angle of 15 deg from the normal to the plane of the
sample surface. Transmittance measurements are made with

the incident beam normal to the sample surface. At each wave-
length the monochromatic beam is � rst directed onto the
sphere wall to give the value of the incident intensity I0. The
beam is then directed onto the surface of the specimen to give
the hemispherically collected re� ected or transmitted intensity
I. The value of the spectral transmittance or re� ectance is I/I0.
The maximum uncertainties for the re� ectance and transmit-
tance measurements are 0.005 re� ectance units and 0.001
transmittance units.

Measurements over the wavelength interval of 1.5 – 7.0 mm
for directional spectral re� ectance for hemispherical illumi-
nation and for normal spectral transmittance for normal inci-
dence are made using a Gier – Dunkle model HC-300 re� ec-
tometer.12 In the re� ectance mode, the specimen is mounted
on a water-cooled substrate having a diffuse re� ectance of 0.04
or less over the wavelength interval of 1.5 – 6.5 mm. Energy
re� ected from the specimen at a 7-deg angle with respect to a
normal to the specimen surface is collected in a 0.024-sr solid
angle. By reciprocity, the re� ectance of a material irradiated
at a given angle of incidence as measured by the energy col-
lected over the total hemisphere of re� ection is equal to the
re� ectance for uniform irradiation from the hemisphere as
measured by the energy collected at a single angle of re� ec-
tion. Spectral normal transmittance is measured by placing the
sample over the entrance slit of the monochromator section
of the re� ectometer. Energy from the heated cavity is directed
onto the specimen with an illuminated area 2 cm in diame-
ter. The maximum uncertainty in re� ectance is 0.005 re� ec-
tance units, and the maximum uncertainty in transmittance is
0.0002.

Test Specimens

Fiber-loaded aerogels with various prescribed � ber mass
fractions were fabricated in the form of rectangular bars with
dimensions nominally 2.5 by 5 by 15 cm. Unloaded silica
aerogels were also fabricated for reference measurements of
the aerogel density and spectral absorption coef� cient. Test
specimens were machined from the bar to the desired thick-
nesses. Sample thicknesses for re� ectance measurements were
varied from 0.1 to 2.3 cm to cover a range of optical thick-
nesses between 5 and greater than 100. Thicknesses between
0.1 – 0.4 cm were used for spectral transmittance measure-
ments. The maximum specimen thickness for transmittance
measurements was determined based on the � ber volume frac-
tion to keep the lower limit of transmittance greater than the
minimum detectable value of 0.00005 for the test apparatus.

Scanning electron microscopy (SEM) was used to assess the
� ber orientation and to determine the � ber size distribution.
An SEM of a typical silica � ber specimen is shown in Fig. 1.
The � bers appear to be randomly oriented in space and a large
dispersion of � ber diameters is observed. Each individual spec-
imen was carefully dimensioned and weighed. The solid vol-
ume fraction of each component in a specimen is computed as
the product of the component mass fraction and the ratio of
the density of the � brous aerogel to that of the component
material. The density of unloaded silica aerogel from dimen-
sional and weight measurements is 0.124 gm/cm3. The density
of silica and alumina is 2.2 and 3.3 gm/cm3, respectively. The
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Fig. 4 Predicted extinction coef� cients of randomly oriented sil-
ica and alumina � bers.

Fig. 3 Size distribution of silica � bers.

Fig. 2 Measured absorption coef� cient of unloaded silica aero-
gel.

total solid volume fraction is obtained by summing the com-
ponent solid volume fractions. The estimated maximum un-
certainties in � ber volume fraction and thickness are 6.5 and
4.5%, respectively. The compositions of the test specimens ap-
plied in the present study are summarized in Table 1.

Results
The assumption that unloaded silica aerogel is a purely ab-

sorbing medium is � rst veri� ed by measuring its spectral nor-
mal transmittance. Transmittance measurements made 7 deg
off-normal showed no detectable energy over the wavelength
region from 1.0 to 3.0 mm, indicating that infrared scattering
in the pure aerogel was insigni� cant compared with that from
� bers. In the visible wavelength regime, there appeared to be
a very small amount of scattering from the surfaces of the test
specimens. The small amount of scattering will result in a cal-
culated absorption coef� cient slightly larger than the true value
for wavelengths less than 1 mm. However, the interior regions
of the aerogel appeared to the unaided eye to be clear without
any haze.

An estimate was also made of the real part of the complex
refractive index n of the unloaded silica aerogel, using the
analysis of Caren13 for the optical properties of a � nely di-
vided, high-porosity medium in the long wavelength limit. The
value of n is estimated to lie between 1.004 – 1.042 over the
range of wavelengths and aerogel densities of this study, in-
dicating that Fresnel effects resulting from the aerogel matrix
are negligible. These results support the assumption that un-
loaded aerogel can be treated as a purely absorbing medium.
Figure 2 shows the aerogel spectral absorption coef� cient de-
termined from the Beer – Lambert law by utilizing the mea-
sured transmittance. The silica aerogel is very transparent to
radiation in the wavelength regions of less than 0.5 – 2.5 mm
and between 3.5 – 4.5 mm.

The present theoretical model requires only deterministic
material properties for the calculation of the radiative proper-
ties of the � ber-loaded aerogels. These properties include the
� ber size distribution, the solid volume fractions of the � bers
and the � brous aerogel, the spectral absorption coef� cient of
the unloaded aerogel, and the spectral refractive index of the
� ber material, which are all a priori known physical parameters
prescribed in the design of the material. The optical properties
of the silica and alumina � bers are based on the data of Refs.
14 and 15. Prediction of the spectral transmittance and re� ec-
tance follows directly from the solution of the RTE utilizing
these radiative properties and does not involve the empirical
� tting of parameters that is inherent in an inversion approach.
The silica � ber size distribution from SEM analysis of the raw
� bers is shown in Fig. 3. The distribution is based on a sample
population of 50 � bers. The mean diameter of the silica � bers

is 2.38 mm. The mean diameter of the alumina � bers is 3.17
mm, as provided by the manufacturer.

Prediction of the spectral transmittance and re� ectance as
outlined in Eq. (8 – 11) requires the radiative coef� cients and
scattering phase function of the dispersed � bers at each wave-
length based on Eqs. (5 – 7). This involves a signi� cant amount
of computation because these properties must be evaluated for
each � ber diameter and then summed according to the size
distribution at each wavelength. The numerical calculations
were performed on a Pentium-100 personal computer system,
which typically required about 1 h for the entire spectral region
of interest. For the purpose of illustration, the predicted spec-
tral extinction coef� cients of the aerogels for speci� c loadings
of silica and alumina � bers are shown in Fig. 4. The pro-
duct of scattering coef� cient and phase function ^ssl pl(h)&, at
two different wavelengths for the polydispersion of silica � bers
and monosize alumina � bers, are shown in Fig. 5. Note that
^ssl pl(h)& is computed by utilizing Eqs. (6) and (7) according
to the composition of each specimen at each wavelength.

The sensitivity of the predicted normal transmittance to the
assumption of � ber size distribution is illustrated in Fig. 6 for
a 0.24-cm-thick specimen containing 20 wt% of the silica � -
bers. Predictions based on the actual � ber size distribution (cf.
Fig. 3) are compared with those based on the mean diameter
of 2.38 mm. The agreement between theory and experiment is
generally better when the actual size distribution is used. How-
ever, the accuracy of the prediction is not strongly compro-
mised by using a mean � ber diameter (monosize calculation)
when the � ber size distribution is a continuous function with
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Fig. 5 Product of scattering coef� cient and phase function at two
different wavelengths for silica and alumina � bers.

Fig. 6 Comparison of experiment and theory based on the actual
� ber size distribution and the mean diameter for a � ber-loaded
silica aerogel.

Fig. 8 Comparison of the theoretical and measured hemispher-
ical re� ectance for 25 wt% silica � ber loaded silica aerogel.

Fig. 7 Comparison of experiment and theory for � ber-loaded
silica aerogel: a) 25 and b) 30 wt% silica � ber.

a small variance. The difference in the predicted spectral trans-
mittance based on the monosize and the actual size distribution
varies between 10 – 20%, depending upon wavelength, for this
material. The agreement between theory using the actual size
distribution and experiment is typically of the order of 5 – 10%.
Similar comparisons and results were also obtained for spec-
imens of different � ber loadings.

Figure 7 illustrates the typical agreement observed between
theoretical predictions utilizing the actual size distribution and
experimental data for normal spectral transmittance of silica
aerogel loaded with 25 and 30 wt% silica � bers. Specimen
thickness is 0.32 cm in each case. The agreement of the spec-
tral variation in transmittance between theory and experiment
is excellent. This demonstrates the validity of the modeling
approach with regard to both � ber radiative properties and the
treatment of the aerogel absorption as well as the spectrally-
dependent optical properties of the � ber and matrix materials.
Agreement between absolute values of transmittance is also
generally quite good. However, the effects of local variations
in � ber volume fraction and aerogel solid fraction have a
strong in� uence on the absolute values. The differences be-
tween theory and experiment for transmittance values (e.g., in
Fig. 7a for wavelengths between 5 – 6.5 mm) are believed to
be the result of local variations in � ber and aerogel densities
in the bulk material from which the individual specimens are
taken. Figure 8 shows the comparison between theory and ex-
periment for the spectral hemispherical re� ectance of aerogels
loaded with 25 wt% of silica � bers for two thicknesses. Again,
the agreement between theory and experiment is very good.

Comparisons between the theory and experiment for silica
aerogels loaded with different weight percent of alumina � bers
are given in Figs. 9 and 10. Both the � ber diameter and � ber
composition data were supplied by the vendor. Fiber compo-
sition was given as 96 – 97% Al2O3, with the balance SiO2. The
theoretical predictions were made using a monosize � ber di-
ameter of 3.17 mm and the complex refractive index of sap-
phire.15 Figure 9 shows the comparison for 25 wt% alumina
� bers for specimen thicknesses of 0.64 and 1.02 cm. The com-
parison for 15 and 35 wt% alumina � bers for a specimen thick-
ness of 2.3 cm is shown in Fig. 10. The agreement is very
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Fig. 9 Comparison of the theoretical and measured hemispher-
ical re� ectance for 25 wt% alumina � bers in silica aerogel.

Fig. 10 Comparison of theoretical and measured hemispherical
re� ectances for 15 and 35 wt% alumina � bers in silica aerogel.

good in all cases. The strong decrease in re� ectance in the
2.5 – 3.5 mm spectral region is because of the strong absorption
of the aerogel matrix. Re� ectance increases at 4 mm where the
aerogel is weakly absorbing and scattering by the alumina � -
bers governs the radiative properties of the composite. Re� ec-
tance then again decreases with increasing wavelength as the
aerogel absorption becomes stronger.

Conclusions
The validity of a theoretical model for the radiative prop-

erties of high-porosity, � ber-loaded aerogels is demonstrated
by the excellent agreement between the predicted and mea-
sured spectral re� ectance and transmittance of these compos-
ites over the visible and infrared wavelengths. Specimens used
in the experiment include silica aerogels of various thicknesses
loaded with different mass fractions of alumina and silica � -
bers. The theoretical model consists of treating the extinction
coef� cient of the � ber-loaded aerogel composites as the sum
of the extinction coef� cients of the � bers and that of the purely
absorbing aerogel. The spectral radiative coef� cients and scat-
tering phase function of � bers are formulated from fundamen-
tal theory.

The � ber radiative properties and the spectral re� ectance and
transmittance are computed by utilizing deterministic proper-
ties of the material composition. Agreement between the the-
oretical predictions and experiment is not guaranteed, because

there is no empirically adjusted parameter in the present the-
ory. This rigorous theoretical approach contrasts with the em-
pirical � tting analyses, commonly known as the inversion
method, which enforce the agreement by a somewhat arbitrary
adjustment of unknown constants in the model. Typical inver-
sion analyses were summarized in Ref. 6. The radiative prop-
erties obtained from the inversion analyses are, of course, only
applicable to the specimens whose data are utilized in the in-
version.

Because the present theory does not involve any empirical
adjustment, the good agreement between prediction and ex-
periment demonstrates the validity of the theoretical formula-
tions. The present model can accurately predict the in� uence
of material composition on the radiative properties of com-
posites of � bers in an absorbing matrix such as aerogel, and
thereby be used to optimize the thermal performance. The
present study also indicated that if the � bers exhibit a contin-
uous, rather than multimodal, size distribution, a mean � ber
diameter can be used in place of the actual size distribution
when accuracies of the order of 20% are acceptable. The mono-
size assumption can greatly reduce the computational time.
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